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Introduction to Superconductivity

What is it?

How do we describe it?

L Contents

¢ Introduction to superconductivity
— BCS theory
— BdG formulation

* Unconventional superconductivity
¢ Topological matter

* Topological superconductivity

— Chiral superconductors

— “Spinless” superconductors — Majorana fermions

sane What 1s Superconductivity?

¢ What is superconductivity?

— Electric transport without resistance

— Meissner effect
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s, History of Superconductivity
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Phenomena 1. Gi o

Spontaneous Symmetry Breaking
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¢ But how do the electrons move without
resistance?

— The electrons are all in a coherent quantum state
with a fixed phase (condensate)

v = Aoe

— One of the few macroscopic manifestations of QM

— Spontaneous gauge symmetry breaking — Higgs
mechanism (discovered by P. W. Anderson before Higgs et al.)



e Higgs Mechanism

¢ In the Standard Model:

— Interactions with the Higgs field (Higgs bosons) give masses to the W and Z
bosons due to electroweak (gauge) symmetry breaking

* In superconductors:

— The superconducting pairs give mass to the electromagnetic field (photons) due

to spontaneous symmetry breaking of the gauge symmetry (fixed phase on W)

— Explored by P.W. Anderson for superconductivity 2 years before Higgs et al.

Meissner effect = The “Higgs mass” of
the electromagnetic field expels it from
the superconductor

L Byt Wait!

* All electrons in one state: a superconducting
condensate

— Pauli exclusion principler?

How do electrons end up in the same state?

s Statistics
* Fermions (half-integer spin):
— Electrons, quarks, neutrinos

— Only one electron per quantum state

* Bosons (integer spin):
— Photons, gauge, and Higgs boson
— As many particles as you wish in one quantum state
(Bose-Einstein condensate, BEC)

Maybe two electrons can form an electron pairl?

Sort of, but not the whole story....

L Blectron Pairing

* Electrons are negatively charged, how can they
possibly pair?

— In fact, they can pair pretty easily (at least at very, very low
temperatures)

* The only instability of a Fermi Liquid is to
attractive interactions

— Any attractive interaction destroys the Fermi Liquid and
creates electron pairs: Cooper pairs



L A ttractive Interaction

* Where is attractive interaction coming from?
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Electron-lattice vibration (phonon) interactions gives an
effective attractive potential between two electrons

~an, Conventional Superconductors

* Superconductivity from electron-phonon interactions
— Superconductivity in “normal” metals

— Low temperatures, T, <40 K
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e BCS Theory

* How do the Cooper pairs condense (superconduct)?

* Bardeen-Cooper-Schrieffer (BCS) theory:
— Condensation of Cooper pairs (with a fermionic wave function)
— Truly many—body state (not a two-body bound state condensing)

(Higher temperatures than BECs)

&
me: Cooper Pairs
Pair of electrons above the Fermi surface (FS) with no net momentum:
¥) = ATIFS)
— ~n

Af = f Bxdx px = x W Y (x) IFS) = [Teet, € k1’ -kt 10)
Fourier transform (¢75(x) = % Sk Crre® %)

AT = Z dec k¢’ Kt
k \

) spatial property of the Cooper pair
attractive

For H = Z e kockr + V the energy of 2 Cooper pair is < 0
k

- FS is unstable to Cooper pair formation for any V<0

(see e.g. Tinkham: Introduction to superconductivity)
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L - BCS Wave Function

Coherent state of Cooper pairs (ansatz):

[¥Bcs) = nexp[(kaTkTCT—ki“O) = 1—[(1 + prcTkrck))I0)
k

k
= 1—[ (uk + VkCT_leTkT) |O>
k

with |uk\2 + \vk\z =1

* Ill-defined number of particles:
ApAN 2 1

phase of order parameter: fixed
(but same energy for all phases)

* Breaks gauge invariance: c'g, — €Ty,

L - BCS Hamiltonian
Pairing Hamiltonian:

H= Z €koC ko Chor + Z Vk,k'CTkTCT—k,LC—k’,LCk’T

ko KK
‘/ \" Viw = { —g0/V, (l&l| < wp)

kinetic (band) energy 0 (otherwise)

We can determine u,, vy in Ypg by minimizing <tpq¢| H-UN | s>
but it is a bit Clumsy (see e.g. Tinkham: Introduction to superconductivity)

Instead we use mean-field theory with the order parameter
Fk = <C—k¢CkT>

pair amplitude at k (off-diagonal long-range order)

L NMean-Field Treatment

Z Vk‘k'cil.(rcT—kl,c—k'ick'T = Z Vi [(CIT(TcT—k,L . FID + F;][(C_k/¢ck11~ — Fy)+ Fo =
k.k’ k,k’
Vi (Focinc! | + Fle_w cn — Fl Fo
ki (Ficipclyy + Fle—wyewr — FyFiol
k,k/ ignore fluctuations

(mean-field approximation)
(cfet = F)(cc— F)

Set the Order parameter Ax = ka‘krFk/ = Z Vk,k’ (C_kliCk/T)
k’ 13

- V.
> Hypr = Z GkCTko-Cko- + Z [AC_lekT + CTkTCT_kiA] + g—OAA
ko k

@

sne Matrix Formulation (BdG)

Define the Nambu spinor ¢k = ( Tc KT ) Yl = (CTkT, C—k,L)

C k|
+ T (ot €k 0 Ckt
> Zk: ec(c' ek —cogc’ g + 1) = (c k7> C—kl) [0 —Ek] (ET—kL) + ; €

TRS: = €

constant

€k A Ckt
A —€k CT k|,

_ ¥ €k A1 - iAz
: ~ ~ . l/’ k [Al + iA2 —€k :|¢’k
Bogliubov-de Gennes (BAG) formulation: +

2x2 matrix problem ='klats + Aty + Moo,

- Solve by finding eigenvalues and vectors )
e ([0 110 -]t o
=@ ={ ol ollo -t

> AA S
eH:ZwTk (hk'?)‘//kJrVg_o (b= (AL A &) )
K

9 €k Z cha'ckg' + [Ac_lekT + CTkTCT_klA] = (CTkT, C—kl)
o



umine Flgenstates = Quasiparticles
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QP energy (cigenvalue): Ey = + /€2 + |Axf?

U
a'ky = ¢k (Vk) = chqu + e vk
QP operators (eigenvector): v
a =yl ( u*") = coquiy — v
K

Bogoliubov
tranformation

1 €k _ (1 5% (Same coefficients as
ug = E L+ E_k Vk = 2 1- E_k in the BCS wave fcn)

Diagonal Hamiltonian: H = Z Ex(a'air —agpa’ k) + V
k

1 AA

_ i _2 a4

H= ;Ek(a ko ko 2) +V

3

8o

QP excitations Condensation
enetgy

e Quasiparticle Properties 11
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L Uk
e Excitation aTkT = lﬁfk . (V ) = CTkTuk + C_k| VK
k
creates electron with momentum k and spin up,

destroys electron with momentum —k and spin down

e AtE=0: |wl?=|wul?= % = QP is equal parts electron and hole

—> Can become its own antiparticle
(Majorana fermion)

akTIdJ BCS ) =0 annihilates ground state
1 4 +t puts 1 electron in state —kﬂ/
a_k¢|¢BCS> =C x H (uk' + vk'Ck’Tc—k’.L) IO) and prevents a Cooper pair at

k'#k momentum k

wris. Quasiparticle Properties
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* Excitations out of the condensate, always positive energy

@ BCS Theory o]

Ns(E)/Nn(0)
[y

(D>

Sn/Mg0/Mg

Band structure Density of states (DOS)

P. Coleman: Introduction to Many Body Physics

wane Self-Consistent Equation
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Having found the diagonal Hamiltonian we can determine the
superconducting order parameter self-consistently:

A= Viwleoiar) = O Viewuovi (algair +aly aoy — 1)

k,k/ k,k/
Fermi-Dirac

(afspars) = (1 + /P11 Gidibution

1 Akf
" A= > View B tanh[Ey /(2kpT))]
3 k/
N
£
< 1 A
AtT = =—z ,
tT =0 Ax 2 ; Vi ke B
A=0, T>T,
1.5




L. Summary BCS Theory

BCS wave function:  |BCS) = H(uk + UkCLTCJLk¢)‘¢O>
k —

Cooper pair
Hamiltonian with kinetic energy &_and a pairing potential [

Quasiparticle energy: By = 512( + |Akl|?

Energy gap =
order parameter

% * T
. . Akt = U Cit + VCL 1
Quasiparticles: ~[ ; ! T e |]vk\2 —1-fuf? =3 (1 - 5_k>:|

Ej
aiki = —’UkaT + ukctki k

1 Ay
Order parameter (P before): Ax=-=Y XV
p e )t A=—3 ; B ik
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Introduction to Superconductivity

What is it?
A charged superfluid of Cooper pairs (2 electrons) with fermionic character

Cooper pairs formed by effective attractive interaction

How do we describe it?
BCS theory for the condensation

BdG matrix formalism
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Unconventional Superconductivity

What is unconventional?

How do we handle unconventional superconductivity?

~an, Conventional Superconductors

* Superconductivity from electron-phonon interactions
— Superconductivity in “normal” metals

— Low temperatures, T, < 40 K

. .. 1 Ay
— Isotropic pairing (A= - ; 7 V= A)
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'1/%
sne Superconducting Symmetries

Superconducting order parameter is fermionic
i.e. odd under particle exchange:

Vap(k) = —Vpa(-k)

Vas() = Al
orbital spin
%q =111 (8S=0) —> 7 even function in k
Yog — | TT) (§=1,5.=1)
oh ﬁ(l TH+1nD) (§=1,5,=0) > 1 odd function in k
vy Spatial Symmetries
* Conventional superconductors:
— Spin-singlet, s-wave (1 k-independent)
K Cuprate (high-Tc) superconductors: y \
— Spin-singlet, d-wave (7 = k- k?
UNCONVENTIONAL

 Exotic superconductors:
— Spin-triplet, p-wave (*He, St,RuO,?)

— Topological “spinless” superconductors

\\ with Majorana fermions

k, +ik

%
e Superconducting Symmetries

Vi e (and the band structure) determines the pairing symmetry, but
it often very hard to determine

» Lattice fluctations: spin-singlet s-wave
* Antiferromagnetic spin fluctuations: spin-singlet d-wave (extended s-wave)
* Ferromagnetic spin fluctuations: spin-triplet p-wave

» Strong on-site repulsion (Heisenberg interaction): spin-singlet d~wave

Is there a way to determine the possible pairing symmetries in a
material without knowledge of V) ;,?

Yes, we can do a general symmetry group analysis
See e.g. Sigrist and Ueda, RMP 63, 239 (1991)

e, General Pairing Hamiltonian

General pairing Hamiltonian: #=Se(k)afay,
k,s
++ 3

ot gl
:1s25354(k’k Ja *k:lakszak’ssa*k'_v“

k,K',51,55,53,54

Mean-field order parameter: A (k)=— 3 Vg o (kKN ap a ;)

K'\s3,84

9 ?{ 28 k)aksaks+ 2 s sz(k)aisla-“—ksz

k5,5,

_A;%( _k)a-ksl aks2 ]



s Matrix Formulation
4-component notation (Nambu): a,=(ay;,ay;.a" 1,0 tkl)T

- e(k)op  Ak)
> H= aL( At) —c(k)oy )"“‘

o . R , 0 P(k)
Spin-singlet pairing: A(k)=i&,¢(k)= —%(k) O

P even
function of k

[w(k)[cbctki - CLTCEM]}

Spin-triplet pairing: A(k)=i(d(k)-6)&, d vectorial odd
—d, (k) +id,(k) d,(k) function of k
= d,(k) d, (k) +id, (k)

m, =0: di(k) [('LTCJ' Kt clT(T('T )
m, = 1: [~d.(k) + id, (k)](chT Kt

e Solution
* The largest eigenvalue gives T,

* The eigenfunction spaces (A) form a basis of an irreducible
representation (irrep) of the symmetry group of the equation (V)

- Possible SC symmetries belong to itreps of the symmetry group
of H

- SC state always breaks U(1) but can also break

— Crystal lattice symmetry
— Spin-rotation symmetry

— Time-reversal symmetry

Below T.:
— 2 SC transition from same V = new A belongs to same irrep

— 20 SC transition from other V

&
L. Solution Equations

QP energy (eigenvalue):  Ey, = /()2 + [¢(k)|2

i = v/2(k)? + [d(k) 2 + q(k)| BA'=lafootq:5
q=i(dXd*)

Finite q = non-unitary

Self-consistency: A (K)=— 3 Vi, (kK% (K',B)
K',s3,54
BE
f7(k B)= A(k) — 5 tanh Tk (unitary states)
Ey

=3 Vs 05, (KA (KD

S354

Linearize close to T vA, ;, (k
S354

B.e(k)

, 9 (K =In(1.148.¢,)

Linear eigenvalue equation

&
e Basts gap functions: D,

* D,, = tetragonal symmetry (cuprates with k_ = 0)

Irreducible
representation I' Basis function

(a) SpinAsinglet

ry YIk)=1, k2+k}7, kz2 s-wave, extended s-wave

ry W)=k k, (k2 k;)

ry W k)=ki— k2 d(x*-y?)-wave

ry WY k)=kk, d(sq) wave

ry W, Lk)=kk,
Wi, 2k)=k,k,
(b) Spin-triplet

Ty d(I75k) =%k, +3k,, 2k,

ry d(I5 k) =3k, —Fk,

ry A(T5 k) =Rk, —§k,

ry d(Ty;k) =%k, +3k,

rs d(T5, k) =%k,, 2k, } \wave deencrate
AT 2=k, 2k, P(x)- and p(y)-wave degenerate

Sigrist and Ueda, RMP 63, 239 (1991)



~ee Basts gap functions: D,

* Dy, = hexagonal symmetty (graphene, Bi,Se; Tls with k, = 0,)

Irreducible

representation I' Basis functions
(a) Spin-singlet
ry YO K)=1, k2+k, k2 s-wave, extended s-wave
r; YT k) =k, k, (k2 —3k2)(k}p —3k2)
ri Wk =k, k, (k2 —3k})
s YLK =k K, (k= 3k2)
ri W, LK) =kk,

W2k =k,k,

ry WIS, LK) =k}l—k} d(x*-y?)-wave and d(xy)-wave degenerate
¢(F;',2;k)=2k,ky - :

) Spin-triplet

Iy =%k, +9k,,2k,
r; Rk, —9k.
ry 3k},

k. [(k2—k}R—2k,k,)
ry d(Ty3k)=2k, (k}—3k2),

k [(k)—k}§—2k k,R]
ry (5, k) =%k, 2k,

d(T5,2;k)=Fk., 2k,

T, d(g, 1;k) =Rk, —k,

d(T',2,k) =Rk, —§k,

Sigrist and Ueda, RMP 63, 239 (1991)

S Multiple Order Parameters
The superconducting state especially interesting if it has
multiple components

* Two-dimensional irreps gives A +iA,
— singlet d(x>-y?)+id(xy)-wave for hexagonal lattices (graphene?)
— triplet (m, = 0) p(x)+ip(y)-wave for square lattices (Sr,RuO,)

Break time-reversal symmetry (TRS)
Topological superconductors
¢ Subdominant pairing

— singlet d(x>-y?)+is-wave (cuprates with small s-wave component)

Breaks TRS but not a topological superconductor
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Unconventional Superconductivity

What is unconventional?

Any SC state which is does not have spin-singlet s-wave order

How do we handle unconventional superconductivity?

Generalized formalism using a 4 x 4 BdG equation



